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POSITIVITY OF ∆-GENERA FOR CONNECTED POLARIZED
DEMI-NORMAL SCHEMES
JINGSHAN CHEN
Abstract. In this paper, we show that the ∆-genus ∆(X,L) ≥ 0 for any
connected polarized demi-normal scheme (X,L). As a direct corollary, we
obtain ∆(X,KX +Λ) ≥ 0 for any Gorenstein stable log scheme (X,Λ), which
is an inequality of Noether’s type.
1. Introduction
A scheme X is demi-normal if it satisfies S2 and is at worst ordinary double at
any generic point of codimension 1. The term demi-normal was coined by Kolla´r
in [4]. Demi-normal schemes are higher-dimensional analogues of nodal curves.
It is natural to consider a polarization on a demi-normal scheme X , i.e. an
ample invertible sheaf L on X . Fujita introduced an invariant, ∆ genus ∆(X,L) :=
LdimX −h0(X,L)+dimX for polarized varieties. He showed that ∆(X,L) ≥ 0 for
any irreducible polarized normal variety. In this paper we showed that this is also
true for connected polarized demi-normal schemes.
This invariant applies to the study of Gorenstein stable (log) schemes. Recall
a stable log scheme (X,Λ) is a demi-normal scheme X with a reduced boundary
divisor Λ such that it admits only slc singularities and KX + Λ is an ample Q-
Cartier divisor. A stable scheme is a stable log scheme with empty boundary. A
stable log scheme is Gorenstein if KX + Λ is Cartier. We can deduce directly that
∆(X,KX +L) ≥ 0 for any Gorenstein stable log scheme (X,Λ) . This inequality is
just the stable log Noether’s inequality, which has been proven in two dimensional
case (see [5]).
The paper is organised as follows. In §2, we state some facts about polarized
demi-normal schemes. In §3, we review Fujita’s work on ∆-genus of polarized
varieties. In §4, we prove that ∆(X,L) ≥ 0 for connected polarized demi-normal
schemes.
1.1. Notations and conventions. We work exclusively with schemes of finite
type over the complex numbers C.
. By abuse of notation, we sometimes do not distinguish a Cartier divisor D
and its associated invertible sheaf OX(D).
. We use ’≡’ to denote linear equivalent relation of divisors.
. If D is a Cartier divisor on X , then we denote Φ|D| : X 99K P := |D|
∗ as
the rational map defined by the sections of |D|.
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. A hyperplane H on a scheme X with respect to OX(1) is a subscheme
isomorphic to PdimX such that OX(1)|H ∼= OPdimX (1).
2. Demi-normal schemes
A scheme X is demi-normal if it satisfies S2 and is at worst ordinary double
at any generic point of codimension 1. The scheme we consider is always assumed
to be connected.
Denote pi : X¯ → X as the normalization map of X . The conductor ideal
HomOX (pi∗OX¯ ,OX) is an ideal sheaf both on X and X¯ and hence defines sub-
schemes D ⊂ X and D¯ ⊂ X¯, both reduced and of pure codimension 1; we often
refer to D as the non-normal locus of X .
A polarized demi-normal scheme is a pair (X,L), where X is a demi-normal
scheme and L is an ample invertible sheaf on X .
Let (X,L) be a connected polarized demi-normal scheme such that X = X1∪X2,
where X1, X2 are two connected components of X . C := X1 ∩X2 is the connecting
subscheme of codimension 1. We have the Mayer-Vietoris exact sequence:
0→ L→ L|X1 ⊕ L|X2 → L|C → 0.
Taking the associated long exact sequence, we obtain
0→ H0(X,L)→ H0(X1,L|X1)⊕H
0(X2,L|X2)
φ
−→ H0(C,L|C).(2.1)
The morphism φ is defined by (RX1→C ,RX2→C), whereRXi→C is the restriction
map.
Denote dim imRXi→C by rXi→C(L|Xi) or rXi→C for simplicity. We have
h0(X,L) = h0(X1,L|X1) + h
0(X2,L|X2)− dim imφ
≤ h0(X1,L|X1) + h
0(X2,L|X2)−max{dim imRX1→C , dim imRX2→C}
= h0(X1,L|X1) + h
0(X2,L|X2)−max{rX1→C , rX2→C}.
(2.2)
3. Fujita’s ∆-genus of polarized varieties
Next we recall some definitions of Fujita.
Let (X,L) be a polarized variety of dimension n and D ∈ |L|. Fujita’s ∆-genus
is defined as ∆(X,L) := LdimX − h0(X,L) + dimX .
Theorem 3.1 (Fujita [1]). Let (X,L) be a normal polarized variety, then ∆(X,L) ≥
0.
Moreover, ∆(X,L) ≥ dimBs|L|+ 1, where Bs|L| is the base locus of |L|.
Definition 3.2. D is called a rung of (X,L) if D ∈ |L| is reduced and irreducible
as a subscheme of X .
Definition 3.3. A sequence D1 ⊂ D2 ⊂ ... ⊂ Dn ⊂ X of subvarieties of X is
called a ladder of (X,L) if Dj is a rung of (Dj+1,Lj+1) for each j ≥ 1, where
Lj+1 = L|Dj+1 .
Let χ(tL) be the Euler-Poincare´ characteristic of Lt. Then we put
χ(tL) =
n∑
j=0
χj(X,L)
t[j]
j!
,
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where t[j] = t(t+ 1)...(t+ j − 1) for j ≥ 1 and t[0] = 1.
Then the sectional genus is defined as g(X,L) := 1− χn−1(X,L).
Remark 3.4. If dimX = 1, g(X,L) = h1(X,OX) = g(X). If dimX ≥ 2 and X is
non-singular, g(X,L) = (KX + (n− 1)L)Ln−1/2 + 1.
Proposition 3.5. ([1, Prop 1.3]) Let D be a rung of (X,L). Then χr(D,L|D) =
χr+1(X,L) for r ≥ 0.
In particular, g(D,L|D) = g(X,L).
Proposition 3.6. ([3, Prop 3.4]) Let (X,L) be a polarized variety with g(X,L) = 0.
Suppose that (X,L) has a ladder {Dj} such that each rung Vj (including X itself)
is a normal variety. Then ∆(X,L) = 0.
Theorem 3.7. ([3, Thm 3.5]) Let (X,L) be a polarized variety having a ladder.
Assume that g := g(X,L) ≥ ∆(X,L) = ∆.
Then Bs|L| = ∅ if d := Ln ≥ 2∆.
Corollary 3.8. Let (X,L) be a normal polarized variety with dimX = 2 and
∆(X,L) = 1. If |L| is not composed with a pencil, then it is base-point free.
Proof. We may assume L2 ≥ 2. |L| has no base part as 1 = ∆(X,L) ≥ dimBs|L|+
1. Then by Bertini’ theorem a generic element D ∈ |L| is reduced and irreducible.
Hence D ⊂ X is a ladder of (X,L). g = g(X,L) = g(D,L|D) = h1(D,OD) =
g(D) ≥ 0.
For the case g = 0, D is a smooth rational curve. Then by Prop 3.6 we have
∆(X,L) = 0. Hence |L| is base-point free by Thm 3.7. For the case g > 0, |L| is
base-point free by Thm 3.7.

4. reducible polarized demi-normal schemes
Lemma 4.1. Let X be a connected S2 scheme of pure dimension, L be an invertible
sheaf such that dimBs|L| < dimX−1 and C be a reduced subscheme of codimension
1. Then
rX→C(L) = dim < Φ|L|(C) > +1,
where < Φ|L|(C) > is the projective subspace of |L|
∗ spanned by Φ|L|(C).
Proof. Denote P := |L|∗. We have the following commutative diagram:
H0(P,OP(1))
RP→Φ|L|(C)//
∼=Φ
∗
|L|

H0(Φ|L|(C),OP(1)|Φ|L|(C)) _
Φ∗|L|

H0(X,L)
RX→C // H0(C,L|C)
.
Therefore rX→C(L) = rP→Φ|L|(C)(OP(1)) = dim < Φ|L|(C) > +1. 
Theorem 4.2. Let (X,L) be a normal polarized variety and C is a reduced sub-
scheme of codimension 1.
Then
∆(X,L) + rX→C(L) − dimX ≥ 0.
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Proof. Denote n := dimX > 0. We only need to consider the case ∆(X,L) < n.
Then dimBs|L| ≤ n − 2 by Thm 3.1. We may assume further h0(X,L) ≥ 2
(otherwise ∆(X,L) + rX→C(L)− dimX ≥ ∆(X,L)− n = Ln − h0(X,L) ≥ 0).
Let pi : X˜ → X be a composition of minimal resolution of singularities and
blowups such that pi∗L ≡ |M | + F , where F is the fixed part and |M | is the
movable part which is base-point free.
Let W be the image of Φ|M| and φ be the induced map of Φ|M| onto W , then
we have the following commutative diagram:
X˜
pi //
φ

Φ|M|
$$■
■■
■■
■■
■
■ X
Φ|L|
✤
✤
✤
W 
 // Ph
0(X,L)−1
.
We claim that Ln ≥ degW . First we have pi∗(Fpi∗L) = pi∗(F )L = 0, since
pi(F ) = Bs|L| is of codimension at least 2. If dimW = dimX = n, Ln = pi∗Ln =
Mn +Mn−1F ≥ Mn = degφ degW ≥ degW . If m := dimW < dimX , Ln =
Mmpi∗Ln−m = (degW ·Z)pi∗Ln−m ≥ degW , where Z is a generic fiber of φ. Hence
the claim is true.
Therefore ∆(X,L) = Ln − h0(X,L) + n ≥ degW − h0(W,OW (1)) + n =
∆(W,OW (1)) + n − dimW . Hence ∆(X,L) + rX→C(L) − n ≥ ∆(W,OW (1)) +
rX→C(L)− dimW .
Next we show that rX→C(L) ≥ dimW .
We claim that the birational image Φ|L|(C) of C is of codimension at least 1 in
W . For the case n = 2 and |L| is composed with a pencil, the claim is trivial. For the
case n = 2 and |L| is not composed with a pencil, |L| is base-point free by Thm 3.7
and Cor 3.8. Then Φ|L| is a finite morphism and it contracts no curve as L is ample.
Therefore Φ|L|(C) is of codimension 1 in W . For the case n ≥ 3, suppose for a
contradiction that Φ|L|(C) is of codimension greater than 1 inW . Then φ∗(C¯) = 0.
We would have 0 < CLn−1 = C¯(pi∗L)n−1 = C¯M(pi∗L)n−2 + C¯F (pi∗L)n−2 = 0, a
contradiction. Thus we have proven the claim.
By Lemma 4.1 we have rX→C(L) = dim〈Φ|L|(C)〉 + 1. It is easy to see that
dim〈Φ|L|(C)〉 ≥ dimΦ|L|(C). Therefore rX→C(L) ≥ dimΦ|L|(C) + 1 ≥ dimW .
We conclude that ∆(X,L) + rX→C(L)− n ≥ ∆(W,OW (1)) ≥ 0. 
Corollary 4.3. Let (X,L) and C be as in Thm 4.2. Assume further ∆(X,L) = 0
and rX→C(L) = dimX . Then C is a hyperplane of X .
Proof. First we know that |L| and |L|C | are both very ample. rX→C(L) = dimX
implies that C spans a projective subspace PdimX−1 ⊂ Ph
0(X,L)−1. However
dimC = dimX − 1 implies that C = 〈C〉 ∼= PdimX−1 and L|C ∼= OPdimX−1(1).
Therefore C is a hyperplane of X . 
Theorem 4.4. Let (X,L) be an irreducible polarized demi-normal variety which is
not normal, then
∆(X,L) ≥ 0.
Moreover, if C is a reduced subscheme of codimension 1 which does not contain the
non-normal locus, we have
∆(X,L) + rX→C(L) − dimX ≥ 0.
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Proof. Let pi : X¯ → X be the normalization map. C¯ be the proper transformation
of C in X¯.
Since H0(X,L) ∼= pi∗H0(X,L) ⊂ H0(X¯, pi∗L) and LdimX = (pi∗L)dim X¯ , we have
∆(X,L) ≥ ∆(X¯, pi∗L) ≥ 0.
Next we have the following commutative diagram:
0 // H0(X¯, pi∗L − C¯) // H0(X¯, pi∗L)
RX¯→C¯// H0(C¯, pi∗L|C¯)
0 // H0(X,L− C) //
 ?
pi∗
OO
H0(X,L)
RX→C //
 ?
pi∗
OO
H0(C,L|C).
Hence h0(X,L)− rX→C(L) = h
0(X,L − C) ≤ h0(X¯, pi∗L − C¯) = h0(X¯, pi∗L) −
rX¯→C¯(pi
∗L). Then ∆(X,L) + rX→C(L) − dimX ≥ ∆(X¯, pi∗L) + rX¯→C¯(pi
∗L) −
dim X¯ ≥ 0. 
Theorem 4.5. Let (X,L) be a connected polarized demi-normal scheme. Assume
X = X1 ∪X2 where X1 is connected and X2 is irreducible. Then
∆(X,L) ≥ ∆(X1,L|X1).
Proof. By (2.2), we have
∆(X,L) ≥ ∆(X1,L|X1 ) + ∆(X2,L|X2) +max{rX1→C(L|X1 ), rX2→C(L|X2 )} − dimX
≥ ∆(X1,L|X1 ) + ∆(X2,L|X2) + rX2→C(L|X2 )− dimX.
By Thm 4.2 and Thm 4.4, ∆(X2,L|X2)+ rX2→C(L|X2 ))−dimX ≥ 0 whenever X2
is normal or not. Therefore ∆(X,L) ≥ ∆(X1,L|X1 ). 
Corollary 4.6. Let (X,L) be a connected polarized demi-normal scheme. Then
∆(X,L) ≥ 0.
Moreover, if the equality holds, then X is a tree of subschemes with ∆(Xi,L|Xi) = 0
glued along hyperplanes.
Corollary 4.7. Let (X,Λ) be a Gorenstein stable log scheme. Then
∆(X,KX + Λ) ≥ 0.
Moreover, if the equality holds, then X is a tree of log varieties with ∆(Xi, (KX +
Λ)|Xi) = 0 glued along hyperplanes.
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